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Mass transfer in a chain of absorbing drops at low Reynolds and high  Péclet
numbers is investigated using the simplest mathematical model of internal dif-
fusion, i, e, of total intermixing inside of drops of the substance diffusing
through the drop surface, Present investigation is an extension of results obtain-
ed in [1~—4] which relate to the limit case of short time intervals, It is shown
that the allowance for internal diffusion leads to a substantial alteration of the
system. kinetics owing to the saturation of drops in time, Thus, when the drops
are of equal radii, there always exists a time interval in which a particular
drop of the chain absorbs more of the substance diffused in the stream than
remaining drops of the chain,

The problem of steady convective diffusion in a chain of reacting particles was
previously considered [1—4] under condition of total absorption at their surface at
high Péclet numbers, It was shown that the interaction of the diffusion boundary layer
of every particle with the diffusion trail of the preceding particle results in a consider-
able decrease of the total diffusion flux to its surface (in comparison with that without
such interaction), Since drops can absorb only a limited quantity of the substance dis-
solved in the stream, such simplification of the problem formulation is justified when-
ever it is possible to disregard variations of substance concentration inside drops (for
instance in the analysis of weak absorption or comparatively short intervals),

1, Statement of the problem, Letusconsider the process of
convective diffusion in a chain of absorbing drops ofthe same radius a equally spaced
and moving at the same velocity U. We assume that away from the drops the con-
centration of substance dissolved in the stream is constant and equal (g, and that
inside drops a complete intermixing of the substance diffusing through their surfaces
takes place, i.e, that the concentration inside the drop and on its surface is the same
and equal Ci* (where % is the ordinal number of a drop in the chain), The substance
concentration € outside the drop, and Cy* inside it are linked by the law of con~
servation of mass, i,e, the total change of substance inside the drop in a unit of time
4/, na®dCy* / dt must be equal the total influx of diffusing substance from the sur-
rounding fluid
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where 7% and 0, are spherical coordinates of a system attached to the center of
the k -th drop, It will be seen that the concentration inside a drop depends on its
ordinal number and time,

Below we assume that the Reynolds number R = aUv™! of the drop is low while
the Péclet number P = aUD™! is high (v isthekinematic viscosity of the fluid
and D is the coefficient of diffusion),

It was shown in [5] that under condition of total absorption on the particle surface
C;r =0 and P > 1 the total diffusion flux I,*~ gDC,P1/("+D) where n = 1,
to it corresponds to drops of moderate viscosity § < O (1), while n —= 2 relates
to drops of high viscosity B >> O (P's), where B is the ratio of viscosities of drops
and fluid, The value n = 2 also corresponds to the case of moderate viscosity drops
when surface-active substances are present [5],

Using the law of conservation of mass and the indicated expression for the total
diffusion flux [,*, we find that the characteristic time of concentration change in-
side the drop is AgU~1Pn/(n+) ; the numerical coefficient A = O (1) will be de-
fined later, This time is taken below as the basic unit for conversion to dimensionless
time T.

In dimensionless variables the boundary value problem which determines concentra-

tions ¢ and ¢ in-andoutside drops may be represented in the form
n
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xt(0)=0; e= P-UMD p=1,2; k=1,2,..., M
where the system of spherical coordinates r, 8 is attached to the center of some part-
icular drop, and the characteristic units are; the drop radius a, its velocity U, the
time Aal/"'e™, and concentration (,; the stream function 1 is assumed known
from the solution of the respective problem of hydrodynamics of flow around a body.
The initial condition for concentration c¢* (r,0) is defined by the solution of the

stationary (9 / dtr = 0) equation (1.1) of convective diffusion under condition et =
¢s" = ... == ¢y = 0 of total absorption on drop surfaces of the substance dissolv-

ed in the fluid.

Problem (1, 1) was thoroughly investigated in [1, 2] in the steady case and em =
€7 = ...=cy" = const for n =1, andfor n = 2 it was dealt with in
[3,4} It was shown, using the method of merging asymptotic expansions in the small
parameter ¢ , that in the stream near each drop there exist several characteristic
regions with different mass transfer mechanisms, These are; the extemal region ¢,
the regiond = {r — 1 << O (g), O (¢) << 0} of the diffusion boundary layer (the
expression in braces indicate the order of characteristic dimensions of the considered
region and subscript % is omitted at spherical coordinates), and the diffusion trail Wi
which, in turn, consists of four subregions, viz., the convection boundary layer region
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WO = {0()<r—1<<0(),0 () <P <<O (")}, the diffusion trail
imer region W® = {0 () <r — 1 << O (eY), <O (")}, the trailing
stagnation point region ~ W® = {r — 1 < O (g), 8 << O (¢)} , and the mixing
region W® = {0 () <r —1, ¢ < 0 (").

As already noted, concentration in the steady case rapidly changes near the drop
surface (within the boundary layer) and  [dc / Ory] =, ~ €7 Hence the in-
tegral in the right-hand side of Eq. (1.2) is of order unity,

In the unsteady problem (1, 1), (1.2), as in the steady one, when & — 0 the
convection term (vV) ¢ in regions d, and W is proportional to O (¢"!) ¢, and in
regions WM W and W is proportional to O (1) ¢, and the order of magnitude
of the right-hand side of Eq. (1.1) in the respective regions is as follows; in d, W®)

— &" e, in WM — g, andin W® and W® — O (1) ¢. Hence by a
successive determination of equations and boundary conditions in a manner similar to
that in [1—4] we obtain that in the principle term of expansion in the small parameter

e for concentrations ¢;7, ¢s", . . ., ¢y7;cthe term €"dc / dx in Eq. (1.1) is im-
material, while Eqgs. (1.2) for concentration inside drops remain in their entirety valid
by virtue of & [dc / Oryly =1~ O (1).

Thus the solution of the input problem (1,1), (1.2) consists of two consecutivestag-
es; 1) solution of the auxilliary problem

(VW e=e"TAce;rnp=1,c=ct;r=o00,c=1 (1.3)
for arbitrary ¢;™ in which time T appears implicitly as a parameter, and 2) solution
of the autonomous system of ordinary differential equations

drdeyt /dv = 3ehly, " (0) =0 (k=1,2,..., M) (1. 4)
in which the over-all diffusion flux [y is calculated by (1.2) using the obtained solu-
tion of (1,3) for concentration ¢ = ¢ (ry, 6y; ¢;7, . . ., ¢x"). By virtue of the in-

itial condition for concentration inside drops ¢,* (0) = 0, hence the derived solution
automatically satisfies the initial condition at T = ( in the input problem (1.1),(1.2).

Investigation of the auxilliary problem (1,3) can be effected as in [1—4], Here
we restrict it to the case in which the dimensionless distance satisfies the inequality

0 (1) < l << 0 (8—1) (l. 5)

The left-hand side of this inequality is subsequently of little consequence, since
it is only required for providing a specific form to the stream function near the surfaces
of drops (when 1< in Eq, (1.3) the stream function of an isolated drop may be
used, see Sect, 2), The right-hand side of this inequality is important, since it shows
that the diffusion boundary layer of every drop interacts with the convection boundary
layer region of the diffusion trail of the drop ahead of it [1.4].

The system of Eqs, (1.4) contains total fluxes on the drop surfaces which have to
be determined by solving the auxilliary problem (1,3). To determine the dependence
of the principal term of expansion (in the small parameter &) of the total diffusion flux

I, on concentration ¢, e, ..., ¢ itissufficient to calculate the concentra-
tion distribution in the diffusion boundary layer of the K -th drop, The obtained ex-
pression for total fluxes Iy = Iy (¢;", ¢5", . . ., ¢x*) must be substituted into the

system of differential equations (1, 4) that defines the variation of concentration inside
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the drop in time,

2, Solution of the auxilliary problem, We derive here
the solution of a more general problem than (1,3), (1.5). Let us consider a chain of
absorbing spherical drops of the same radius in a flow of periodic pattem [2,3], in
which the stream function near the surface of any particle can be represented in a
spherical coordinate system attached to the particle center in the form

=(r—1"f(0),/>0,n=1,2(0r>1) 2.1

If condition (1, 5) is satisfied, formulas [ = Yo (1 -+ B) ' sin?0 (n = 1) and
f=74sin?0 (n = 2) correspond to a Stokes flow around particles of moderate (p
< 0 (1)) and high (B > O (P'")) viscosities, respectively,Concentration distribu-
tion in the diffusion boundary layer of the k -th sphere is defined by the solution of
the boundary value problem with the boundary condition for concentration constancy
on its surface and the condition for the oncoming flow, which is determined by the
concentration distribution in the diffusion trail of the (k& — 1)~ st sphere {1—4], If
the distance between spheres satisfies the inequality [ < O (¢7!), the condition for
the oncoming flow is determined by the convection boundary layer region of the diffus-
ion trail of the preceding sphere.

The derivation of equations, and initial and boundary conditions for concentration

¢? in the diffusion boundary layer of the (k — 1)- st particle is analogous to that
in [1—4] and yields the following boundary value problem;

Lo(& ) e =0, Ly=0/0t—E™3%/02 (2.2)
P (0, 1) = cx™, A0 (50, 8y =1 (0Tt to)
(d) (E O) = CI(CC-i-)l (Q, tO)’ Cf)l) 1, ty = t(O)

i

t=1(0) = —1,:§Sin9ﬂ/n(e)d9, E=cglpun, k=1,2,..., M

Problem (2. 2) was considered in [1--4] for ¢;t = ¢;" = . .. = ¢"

To solve (2, 2) with arbitrary eyt we use the auxilliary functlon

wigt)y=1I"1 4 ( 1 Ak ) I'(z) = y(x, 4 o0 (2.3)
(v )" (,l+i>’1’ nt+1 " (n+ 12t 3 T} = VX, ) .

== ¢onst.

where y is an incomplete gamma function, which is the solution of problem

L, Du=0;, u{,t)=0, u(oo,t)=1; u(E 0 =1
Taking into account the properties of function u (&, ¢), we can prove by induction
that the solution of problem (2.2} is of the form

o B 1) = et 4+ Rt + (k— o) (i — ¢o”) (2.4)
%=1
ot =1, k=1,2,...,.M
When ¢ == ¢t = ... =¢F =0, formula (2.4) yields ¢ (E, 1) = u (&,

b — 1) 2,) (4

For the local and total diffusion fluxes on particle surfaces we have

75 (0) = ¢SV [ A}y = e71f1I (0) [0S OB o - (2.9)
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g1 ( ) (n 4 1)=Dim+n) frin (6
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Y 1£6) + (b — o) to] 100 (e — )

e 1 k
I =2 { i (O)sin0dd = I 3 apa(chy — ca)
5 =1
I = 2neifmt ( ~ jr T )(n + 420t 0, cpt=1

o = (k—a+41)° —(k—a), o=n/(n+1)

The results obtained with (2. 3) can be extended to chains of particles of arbitrary
shape in the case of three~dimensional flow and aperiodic pattern of the flow field(in
the presence of two stagnation points on the particle surfaces), The concentration dis~
tribution in the diffusion boundary layer and the convection boundary layer regions of
the diffusion wake of the X -th particle is defined by formulas

k k=1
Cgfd) Gy =o' + > u (%, i E tve) {*3;—1 —€a") (28
Q=] : Vemgh
(1) o {d} P e -~ P I
Ck (E)——Ck (’é,t;m), Co =1 (O\\t\\t}\-ﬁ) kwi,z,...,ﬂI
where & = ¢! @Y" (] is the analog of the stream function) and the constant v,
and variable ¢ are determined by the local flow field near the particle surfaces [2, 3],
For the total diffusion flux formula (2.5) remains valid, Its coefficients / and ay
can be calculated by formulas in [2, 3]

3, Time dependence of concentration change in-
side drops., We consider here an axisymmetric array of drops in a flow field of
periodic pattern, Substituting expression (2,5) for /x into Eq. (1.4) and defining
coefficients A by the formula

A=dn @Belyt =Y, T(1/(n+ 1) (n + 1) (3. 1)
(A = [m (B + 1) / 8], Ay = 8T (V) (81m)*)
for the concentration ¢,", ¢;*, . . ., c;* inside drops we obtain the linear system of
ordinary differential equations
%
de,t 3.2
di = Zak& (5-;—{ — ce&+): cot = 1; C;;+“(G} =0 2.9
o=}

The coefficients A, and A, comespond to a chain of drops of moderate and high
viscosity in a Stokes motion mode with condition (1,5) satisfied and coefficients Gia
determined by formula (2.5),

Since system (3, 2) may also be written in the form

der* [dt 4ot = Fr(eoh, ey oo ohcia)y ot (0) =0 3.3)
k-1
Fr=ck1+ aZl ke (Camr — Ca*)y €0t =1
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formulas for concentrations ¢;* can be successively determined, commensing with
the first drop

T

et (1) = e Fy (et ey (B), - - g (B) B (3.4)

Using (3. 4) it is possible to show by induction that for the concentration inside drops
the following formula is valid;
gt (1) =1 =—e"4 e Py (1), Po=0 (3.5)

Py (1 2, AP, AP =0, AP~ —1 Lgy
B=1

A = g {A"‘ ”+2,ah (A§E11)~Ag°i§}; B—2,...  k—1

The concentration ¢;" in the first three drops changes in conformity with the law
ef (t)y =1 —e€", ¢t =1—e" — (229 1e (3.6)
et (=1 —e"— {(1 420 =397+ Y, (2 — 20212} ¢

The concentration distribution in the diffusion boundary layer and in the convec-
tion boundary layer region of the diffusion trail of the % -th drop is determined by
formula (2.4), where ¢;" (1), . . ., ¢;* (1) are defined by formula (3.5), A direct
substitution of expressions derived in this way for ¢x(® and ¢, into the input
equation (1, 1) shows that the presence of the unsteady term in (1, 1) does not lead to
the appearance of irregularities in the expansion in the small parameter ¢, as

T — oo (which theoretically may occur). This represents a further substantiation of
the feasibility of reducing the complete problem (1. 1), (1.2) to the consecutive solu-
tion of Eqs, (1.3) and (1.4).

For the total diffusion fluxes on the drop surfaces we have

I° Me"{a“—A rk~1+}_| 2 i (AP A;;O)Ts} (3.7)
=1 a=p-+1

o 4ot Ty (k) (k) (2 —2°)k1

I =— =7 A =0 A= — 5

where the expressions for coefficients A(k’ are derived by induction from (3. 5).
Formula (3, 7) shows that I;° — a;; = k" (k —1)0 as v — 0, which corres-
ponds to the steady case under condition of total absorption on the surfaces of drops
[1—4], and when T — oo we have I,°-» 0, which corresponds to "saturation" of
drops (c,* — 1). For the total diffusion fluxes we have the limiting relation

. 1y kO (k—1)° .1 1 2--2°

]rg? Iha =1 —(k—2)° ll—?oloT Iyy k=t
which shows that 7,° (0) — I_,° (0) << 0 and [;° (v) — [;,° () > 0 when
7T >> 1. This implies that initially the total flux on the (k — 1)-st drop is greater
than on the k -th drop which follows it in its diffusion trail, then after expiry of
time T == Ty y_, these fluxes become equal, and this is followed by the total flux
on the Kk -th drop becoming greater, ~
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For the first three drops we have
I°=e7, I°= {20 —1+4 (2—-29) 7} ¢~ (3.8)
I = {30 — 20 + (5.20 — 220 — 30 _ 3) ¢ 4 1/, (2—20)2q2}e~"

which shows that the diffusion fluxes on the surface of the first two drops become equal
at T = 1y = 1.

4, Further generalizations, We consider here the general case
of mass transfer in a chain of drops of arbitrary shape in the field of flow around drops
of an aperiodic pattem (the flow field away from the particle is assumed steady). The
diffusion problem reduces to solving the following dimensionless system of equations;

e"\18c /3T 4 (VW) e = e™1Ac; ¢ ’Fh‘ =%, elp =1 (4.1)
dey” * [ o
Vi —— = M = ek KS [_Bn—]r‘kdrk’ et (0) =0 (4.2)
Py
(Below, the all characteristic dimensions of drops are assumed to be of the same
order), In these equations the dimensionless time v is the same as defined in Sect. 1;
Ty and Vj are, respectively, surface areas and volumes of drops, and the initial
condition for (4,1) is determined by the solution of the respective stationary problem
under condition of total absorption on the drop surface.

Using investigations [2, 3] and a reasoning similar to that in Sect, 1, it is possible
to show that when & — 0 the solution of problem (4, 1), (4.2) is reduced to; 1)
solving the steady equation (4, 1) for any arbitrary ¢,*, 2) using that solution for cal-
culating the total diffusion flux Iy = Iy (c;*, co*, . . ., ¢x¥) in the right-hand side of
Eq. (4.2), and 3) solving system (4, 2) thus obtained for concentrations cxt .

For calculating the principal term of the expansion of I, in parameter ¢ it is
sufficient to know the concentration in the diffusion boundary layer of every drop.
Assuming that the distance between drops is’ smaller than the characteristic length of
their respective regions of the convection boundary layer trail, we use the remark in
Sect. 2 and formula (2, 6) for calculating the total flux Iy, Formula (2, 6) used
for the determination of the right-hand side of Eq, (4.2) generally yields for the con-
centration inside drops ths system of equations

de,*
v~ Z] Vho (C;—l —¢g) =1 ¢ (0) =0 (4.3)
o=l

where vy, > 0 are some, generally arbitrary, coefficients that can be calculated by
(2. 6) and [formulas in] [2, 3],

If specific values of coefficients a,, in(2,5) are disregarded, system (4.3) is
the same as Eq, (3.2), except for the notation, Values of concentrations ¢;* can
be obtained successively, begimrling with the first

e, * (1) = exp (— VxT) Sexp (Vi) Fi* (eot, ot (B), ..., cf_, (E)) dE (4.4)
4]
k—1
Fik = V}ckch + 2 Vko (03—1 —co), ot =1
=1
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s(k)

ot (1) =14 3 exp(— ¥ EW (1) (4.5)
a=1
(k ra;l k S(k)
EP(my= X BEP, 1+ ¥ BB =0
fi=n a=1

Formula (4. 5) indicates the form of the solution of (4, 3); s (k) is the number of co-
efficients Voo™ (® =1, 2, . . ., s (k) differing in magnitude in the set of quantities
Yon 0 SR, 7o = 15 (k) is the multiplicity of root 7,,*. When Y11 = Y22 = . . . =
Vi = 1 the coefficients BJ) =0, «>2, and Bﬁ?: 4™ where 4,® s
determined by formulas (3, 5) after the respective substitution of Yy, for 44, . The
other limit case when y.; = ynn,and k== n leads to the following relations in (4, 5);

— — _ K — k) —
re =1, s =k Vu* = Voo Eo (V) = Bg{" = const (4. 6)

Note that the exponents 7Vq,* in formulas (4, 5) can be obtained from solutions
of the system of equations that corresponds to the absence of diffusion interaction be-
tween drops ( a system of drops in which only one drop is absorbing, while all remain-
ing are neutral and do not absorb the substance dissolved in the stream; to which cor-
responds the boundary condition [0c/ dnlp = 0 at their surface), i.e. of system(4.3)
in which we must set vy, = 0 with o o & and cioy = 1.

As an example, let us consider a chain of spherical drops of various radii  a (&),
k=1,2 ..., M, a(K/a (1) = O (1), moving one after another in a Stokes flow mode
at the same velocity U, and satisfying condition (1,5). Taking the radius of the
first drop as the basic unit of length, we determine coefficients 7 and A using form-
ulas (2.5) and (3. 1), and obtain for the exponents Vi in (4. 6) the following expres-
sions;

Voo = [a (1) / a (@)]@DAMLD, 5 — 4 2 (4.7

Using formulas (2, 6) and (4. 2) and taking into account the results in [2, 3], we shall
indicate the expressions for coefficients Vxq: in Eqs. (4.3) and adduce the final ex-
pressions for the total diffusion fluxes fx” on the surface of the first two drops (x 5=
1) % = a (2) a~t (1)
Yu=1, Y= w G/ (D) Yoo = [(x+D/n L 4)0 4] -3 (4.8)
T, I =3 (1 — pa) (1 — p ) et — TV + a3y

I°= ¢,
Note that although formula (4,8) for I, was obtained for x <=1, it becomes (3.8)
when % —1 and t = const > 0.

5, Discussion of results, Formulas(3.5)and (4,5) defining con-
centrations show that as 7 — oo, the drops become "saturated”, cx* — 1, and total
diffusion fluxes I on their surfaces tend to vanish, If the chain consists of spherical
drops of the same radius, the effect of saturation process on the interaction between
diffusion boundary layers and particle trails is that in the beginning the total diffusion
flux on the first drop is higher than on the second, then owing to saturation the concen-
tration inside the first drop becomes higher than in the second, This, in tum, weakens
the diffusion trail of the first drop (i. e., the difference hetween concentrations in the
oncoming stream and in the trail diminishes) and, as shown in Sect, 3, at the instant
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of time
t=[Yen (B + 1) PI'aU-, BKO() (n=1)

t = 8T (V/3)(81m)™/» PYoal-1, B > 0 (P (n = 2)

the diffusion. fluxes on the surfaces of the first two drops become equal; then the sec-
ond drop begins to absorb more of the dissolved substance than the first, Some time
after that the total fluxes on the second and third drops become equal, and so on,

We shall first analyze the general case of chains in flow fields of aperiodic pattem
on the example of two drops of different radii. For this we investigate the sign of fun~
ction

Bgi (¥) = e"{[;° (1) — I;° (1)} =
® (1 — ) — P — exp {(1 — Yoo} T}] + *Ppyy — 1

where the dependence of coefficients V. and vg on the drop radii is defined in

(4.8). Since dAy (t)/dt does not change its sign when ©>0, the equation Ay (1)
=0 has not more thanoneroot, Three cases are possible: 1) when x>x,=(21/¢
— )™+, then Ay (1) >0, i.e. the total diffusion flux on the second drop is

always greater than on the first; 2) when = <x,, where x; is the root of equation

Qe =0, Q) = %> — 4+ [1 ~ %yy (0] yo2 ()

then Ay {v) <0, i,e,, the total diffusion flux on the first drop in the cousse of satura-
tion is always greater than on the second; and 3) when x; <x <{x,, the total dif-
fusion flux on the first drop is initially greater than on the second, then at some time

Ty = Ty (%), Ay (Ty) = O the two fluxes become equal, and at t > 1, the total
flux on the second drop becomes the greater. The following relations hold; 0 <%, <C
1<% <2Zand 1 (1) =1; w4 () = 0; %—%, and 7, — oo.

Let us now investigate the behavior of the ratio of total diffusion fluxes 1,°/ I,*
as T —co. Using the expressions in (4, 8) we obtain
w>1, limI,°/I°= +4oo

T30

w <1, Hm °/ I}° = %3 [1 — y5 (%) Y227 (O] — vaa™* (W]

T 00
The limiting expressions show that when the radius of the first drop is smaller than that
of the second, then for fairly considerable times the total diffusion flux on the first is
negligibly small in comparison with the flux on the second, If the radius of the first
drop is greater than that of the second, the total diffusion fluxes on both drops are of
the same order when 7 — oo,

In the case of a chain of drops k =1, 2, ..., M of various radii the basic con-
tribution during a fairly long time T to the over-all diffusion flux (on all drops of the
chain) is from drops with ordinal numbers k, < k < M, where the number &,
belongs to the drop of maximum radius., This means that the drop of maximum radius
determines the law of the diminution with time of total diffusion fluxes on all drops
moving in the diffusion trail, and when 1 —» oo, the total diffusion fluxes on drops
preceding it can be neglected.

The following conservation laws apply:

f[g(rﬁ«::ﬁ(m, ay=1: k=1,2,.... M
0
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The author thanks In, P, Gupalo and Iu. S, Riazantsev for a useful discussion,
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